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Abstract-A kind of size-dependent age-structured single species population equation with a 
random gestation period is discussed. A generalized population size E, called “the newborn equivalent 
quantity” is defined. The stability of a positive equilibrium is studied when the control function is 
chosen to be E. It is proved that if E is unfavorable to both survival and reproduction, the unique 
positive equilibrium is globally asymptotically stable. @ 1998 Elsevier Science Ltd. All rights re- 
served. 
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1. INTRODUCTION 
The stability property of the Gurtin-McCamy model [l] 
u(0,t) = 
J 
Om P(a,p(t)b(a, t> da, (1) 
P(t) = 1” 4% t) da, 
as a generalization of the age independent logistic equation, has been studied by many authors, 
such as Cushing, Webb, Macati, Rorres, etc. Generally, the stability of a nontrivial equilibrium is 
reduced by linearization to the problem of studying the roots of a transcendental function. Since 
the form of this function is usually complicated, some special kinds of ,0 and p are considered. 
See [2,3]. 
In this paper, we are concerned with the stability of nontrivial equilibriums of the following 
model of single species population: 
&= J'" daMa, 4 da, 
u(u, 0) = u;(I). 
(2) 
This model first appeared in [4], as a biological generalization of the classical model (1). In (2), 
u(a,t) is the population density at age a when time is t. Q is a weighted population size. 
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Here, an individual with age a < 0 is defined to be an egg or embryo which is to be born at 
the time a - t. p and ,8 are the age specific mortality and fertility rates. 
B(t) = 
I 
m@(a,&)~(a,t)da 
0 
is the rate of production of eggs of the population at time t. @(a) is the distribution function of 
initial age. @(a) = @(-a), \k is the density function of gestation period as a random variable. @ 
satisfies 
4(a) > 0, a < 0; 4(a) = 0, a > 0, 
J 0 -xld(a)da = l. (3) 
In [4], it is proved that (1) is the limit equation of (2) when 4 tends to Dirac’s &function. 
Note that in (2) the nonlinear boundary restraint of (1) is incorporated biologically (not math- 
ematically) in the differential equation, hence (2) is somewhat more convenient to deal with. 
In [5], we obtained a transcendental function the negativeness of the real parts of whose roots 
guarantees the local stability of a nonlinear equilibrium. But this characteristic function is too 
complicated to discuss for specified p and p. In this paper, we consider the effect of choice of the 
control function & on stability. For a linear model we define a newborn equivalent quantity E as 
a generalized population size. If we choose E as the control function, the stability of a positive 
equilibrium is easily determined. If the control function E is unfavorable to both survival and 
fertility, there is a globally asymptotically stable equilibrium. Moreover, all solutions approach 
this equilibrium monotonically, without any oscillations. In such a sense, E can be viewed as an 
optimal choice of the control function. 
2. PROPERTY OF LINEAR EQUATION 
Here we give a brief account of the results in linear case: 
du au aa+at= --Il(a)u(a, t) + 4(a) 1” P(a>u(a, t> da, (4 
where cl,@ E LOO(R) rl C(R) and p(a) 2 p > 0; /3(a) L 0; P(a) = 0, a < 0 or a > a,, 
f$ E L’(R) n C(R), 4 satisfies (3). 
Denote L1(R) by X, D(A) = {x E X, x’ E X}. 
Define A : D(A) c X --f X 
Ax(a) = -x’(a) - b(a)x(a) + 4(a) lrn p(a)x(a) da. 
Then we have the following theorem. 
THEOREM 1. (See 141.) The operator A generates a strongly continuous semigroup of positive 
linear operators S(t), t 2 0 on X and when x E D(A), S(t)x solves (4). Let 
R= s Orn P(a) e - J,” P(8) d.9 da 0 J 0 $(a) eL* ‘(‘) ” da. --oo 
Consider the integrodifferential equation 
q’(a) - 4a>q(a> + P(a); 1-O q(s)+(s) ds = 0, a E (--oo,~), 
00 
Q(O) = 1, 
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which admits a unique solution 
q(a) = e 0 
s” 14s) ds 
, a<0 
21 
q(u) = e j-” P(S) ds 1 O 0 
[ Is l-R __oo 
4(7-)e 
- so7 P(S) ds d7 
s 
a p(+s,’ As) ds d7, a > 0. 
0 
Since p vanishes outside [0, am], so does q. Therefore we can define a nonnegative bounded linear 
functional E : X --+ R by 
O” E[z] = 
s 
q(a)44 da 
--co 
THEOREM 2. Let z E X+. If R = 1, then E[S(t)z] = E[z]; if R > 1, then AE[S(t)z] > 0; if 
R < 1, then $E[S(t)z] 5 0. 
PROOF. For an arbitrary z E X+, u(Q) = (S(t)z)(a) may not solve (4), but ~(a, t) = ~(a+& t) 
satisfies 
dV 
dt= 
-p(a + t)v + B(+$(a + t). 
v(a,O) = z, 
where B(t) = Jooo P(a)u(a, t) da. Then E[S(t)x] = s-“, q(a)u(a, t) da = s-“, q(a + t)v(a, t) da: 
dE 
dt= 
= 
J O” &l _-oo &a, t) da + J 
00 
_-03 q(a + 4% da, 
J Oc) kib-4 - /daMa) + Wa)Ma, t) da, -co 
where k = Jf, q(a)+(a) da. 
Since (5), we have 
q(s)+(s) dsP(a) da = 
Then the conclusions follow from the fact that S(t) is a positive semigroup and 2 E X+. 
Note that q(0) = 1, q(a) = e~p(s)ds, a < 0. For a < 0, q(a) can be interpreted as the 
probability for an egg of age a to survive to incubation. For a > 0, q(u) can be viewed as the 
probability of newborns that an individual of age a can produce in its remaining life. Thus, 
an individual with age a can be viewed as equivalent to q(u) number of newborns (a, := 0). 
In such a sense we call E(t) = J_“,q(a)u(a, t) da the “newborn equivalent quantity” of the 
population density function ~(a, t). Note that such a kind of generalized population size takes no 
considerations of the individuals that have survived the age of fertility. Theorem 2 says that if 
R = 1, then E(t) does not change with t, and if R > 1 and R < 1, E(t) monotonously increases 
and decreases with t, respectively. This fact is interesting because it is effective for any t 2 0, 
not just for t sufficiently large. 
Now let us define 
A(x) = 
s 
am By- J,“@+PL(a)) dsda ’ ~(,)e~o%+~(s)) da da, 
0 s -ca 
A has a unique real root X0. We can define a bounded linear functional Exe(x) = s-“, qxo (a) 
x(a) da by 
0 
do(a) - b(a) + xolao(a) + W(a) = 0, k= J _-03 qxo(aMa) da, 4’4 = 1. 
By a similar method as in the proof of Theorem 1, we get &EA,[S(t)z) = XoEA,[S(t)z]. 
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We have the following Sharpe-Lot&type result. 
THEOREM 3. S(t)z = EA,[s]vx,,e ‘Ot + P(t)z with ]]P(t)(] 5 Me-(Ao-W)t, t 2 0. w > 0 is a 
constant, where zlxO is the eigenvector of XIJ that satisfies Exe [ZIX~] = 1. 
The proof of this theorem is in [6], and it is analogous to that of the classical Sharpe-Lotka 
theorem, see [7]. 
3. EQUILIBRIUM OF THE NONLINEAR EQUATION 
Consider equation (2). Suppose that for any given nonnegative Q, /~(a, Q) and p(u, Q) satisfy 
the conditions assumed for the linear equation in Section 2, and we further assume that $$ and 
g are continuous. Let R[Q] = Jooo p(a, Q)e- La PL(S’Q)dS da J_“, $(a)ec PL(8’Q)dS da. 
If Q* > 0 and R[Q*] = 1, then consider the linear equation 
au au 
da+dt= -p(a, Q*)u(a, t) + $(a> /w P(u, Q*Ma, t) da, 0 
~(a, 0) = u0(a), 
(6) 
the real root of whose characteristic equation is X0 = 0, hence EA, = E is the newborn equivalent 
quantity. Denote the eigenvector by ~0, where E(vo] = 1 is required. 
PROPOSITION. If u* is a positive equilibrium then R(Q*) = 1. If R(Q*) = 1, then there is a 
unique equilibrium U* = (Q*/&[vo])wo. 
4. LOCAL STABILITY WHEN Q = E 
Here we consider a special choice of the control function Q. When R(Q*) = 1, let E be the 
newborn equivalent quantity of the linear equation with ~1 = ~(a,&*), /I = p(a,Q*). And let 
Q = E, then U* = Q*VO is an equilibrium. 
Suppose that the semigroup associated with the above-mentioned linear equation is S(t). Then 
S(t)z = E[z]vo + P(t)z with IlP(t)II 5 Me-wt, where w > 0 is a constant. And E[S(t)z] = E[s], 
t 2 0. 
First we consider the local stability. The linearized equation of (2) at the equilibrium u* is 
(Cz)(u) = -z’(a) - cl(a, Q*)z(a> + 4(a) 1” Ph Q*M4 da + E(zMa), 
= A*z + E(z)$(a), 
glu) = 1” -&p(a, Q*)u*(u) da. 4(u) - $4ayQ*)ZL-b). 
The solution z(t) of (7) with z(0) = ze satisfies 
I 
t 
z(t) = S(t)zo + S(t - 4(E[z(W) dr, 
0 t = S(t)zo + I E[z(+(t - T)$dT. 0 
By Theorem 2 we have E[S(t)zo] = E[zo], E[S(t - T)$] = E[T,!J]. Then 
(8) 
J-+(t)1 = E[zol + I” EWlW(~)l dr, 
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which gives 
Then 
~Wt)l = Eb0le EMt , t 2 0. 
s 
t 
z(t) = S(t)zcl + E[zo]eEIIC1lTS(t - T)+ d7. 
0 
Since 
then 
S(t)zo = E[zo]vo + P(t)to, 
qt - T)$J = E[$+Jo + P(t - T)$J, 
t 
z(t) = E[zo]vo + qqzo + I E[zo]eE[@]'E[$,] d7 wo + 0 s t E[z0le E[lCIh’(t - T)$ d7. 0 
Since Il.P(t)zoll I MJJzOJJe-wt, IlP(t - T)$)) < i’dIJ@JJe-W(t-‘), we have 
iWll$~llE[~o] J” eE[+Ire-W(t-‘) &- = yi”,l’“,[zl (,E[+]t _ ,-ut) 
0 
And 
J 
t 
E[zo]eE1ti]‘E[$) d 
0 
7 ’ VfJ = _??[a] [P[y’lr - l] V@ 
To sum up, we have the following theorem. 
THEOREM 4. Choose Q to be E, the newborn equivalent quantity associated with the linear 
equation with /.J = /.~(a, Q*), p = ,L3(a, Q*). Then the equilibrium u* = Q*VO is locally asymptot- 
ically stable if E[q] < 0 and unstable if E[9] > 0. GJ is defined in (8). 
Next we have the following perturbation result. 
THEOREM 5. If E[+] < 0 and II& - Ellp a 1, then (Q*/Q[ ~0 2r0 is asymptotically stable; if 1) 
E[+] > 0 and [IQ - Ellis << 1, then (Q*/&[vo])wo is unstable. 
PROOF. The linearization operator is 
(C,z)(a> = +‘(a) - /~(a, Q*>.z(a) + 4(a) 1” PC,, Q*Ma> da 
&B(u, Q*)Q*v&) da - $p7 Y')Q-vo(a)] 
=Cz+($$-E)U). 
From the proof of Theorem 5, if E[T+!J] < 0 the semigroup T(t) generated by C has negative 
growth bound, by the perturbation theorem in [S, Theorem 1.1 of Chapter 3, p. 761, we know the 
semigroup generated by Cl is stable if II& - EI(p < 1. The proof of instability is analogous. 
5. GLOBAL STABILITY 
Now we further assume that $$ >_ 0, $$ 5 0, and R’(Q) < 0, R(0) > 1, R(m) = 0. Then 
there is a unique Q’ > 0 with R(Q*) = 1. If we let Q = E, the equilibrium u* = Q*wo is locally 
asymptotically stable because E[XP] < 0. We can also show that the stability is global. 
THEOREM 6. Under the conditions described above, the equilibrium is globally asymptotically 
stable, i.e., for any initial value z E X+ with E[z] > 0, the solution u(t) + u*, t + cm. 
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PROOF. The solution of 
au au 
aa+at= --P(%+4a,q +d(a)Sco13(a,E)la(a,t)da 0 
u(a,o)=zEX+ 
is defined by u(u,t) = w(u - t, t), where v(u,t) is the solution of 
au 
at= -p(u + t,qv + B(t)$(u +t), 
v(u,O) = 2, 
(9) 
where B(t) = sow /3(u, E)u(u, t) da. 
Equation (9) can be solved as an abstract ODE. E(t) is defined by E(t) = E(u(t)] and E[z] = 
J_” q(u)z(u) da, q satisfies 
q'(a) -Aa, Q*)q(a) +&%a,&*) = 0, k= 
s 
0 
q(s)$(s)ds = 0, aE (-co,co), q(0) = 1. 
--M 
As in the proof of Theorem 2, we can show that 
dE 
dt= _-m s 
O” {Mu, Q*) -cl(a,E(t))lq(a) -WOW) -P(~,Q*)l}+,W~. (10) 
Since ue E X+, u(u,t) 2 0 (see [4]), the above equation gives 
if E(t) > Q*; if E(t) < Q*. 
If E[z] = 0, then E(t) G 0. Let E[z] > 0, then E(t) is a monotone function. We can show that 
E(t) + Q*, t + cm. Otherwise, if E(t) remains less than Q* - E, consider the linear equation 
at az 
da+dt= -,da,Q* - E)z(a,t) + #(a) /m/%Q* - E)da,t)da, 0 
z(u,O) = z(u). 
Since E(t) 5 Q* - E, we have ~(a, E(t)) I ~(a, Q’ - E), /3(u, E(t)) 2 /?(a, Q* - E), which lead 
to ~(a, t) 2 ~(a, t) through the integration of (9). But the condition R’(Q) < 0 implies that the 
linear equation has the asymptotic expression z(t) N E~o[~]eXot~o, where Xc > 0. This in turn 
gives that E[z(t)] + 00, which contradicts the assumption that E(t) 5 Q* - E. Similarly, E(t) 
cannot remain greater than Q* + E. Thus, E(t) + Q*, t + cm. Moreover, from the proof of local 
stability, we know that when E(t) is near Q* this approach is exponential. Then we can assume 
that IE(t) - &*I 5 Ne-6t, t > 0. We can also show that any solution u(t) with positive initial 
value is bounded, i.e., Il~(t)llLl < 00. Now let us show that u(t) --t u*: 
g + $ = -/.~(a, EMa, t) + $(a) lrn P(a, EMa, t> da 
= -+(a, Q*)u(a, t) + 4(a) lrn @(a, Q*Mu, t) da 
+ [,~(a, Q*) - cl(a, E)lu(a, t> + 4(u) ~=b(a, El - /?a, Q*>Ma, t> da 
We can write u(t) = S(t)z + s,” S(t - T)$~ dr, where 
V = [~(a, Q*) -Aa,E(~))b(a,7) +4(4~=iWW) -P(a,Q*)lu(a>~)da. 
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Under the presumed conditions and the fact that ]E(t) - Q*] _< Ne-6t, t 2 0, we can write 
WI L We- , w1t t > 0. 
We also have 
S(t - r)?JY = E($‘]VrJ + P(t - 7)?J57, S(t)s = E[z]vc + P($r. 
From (10) we have 
= E’(r). 
t=r 
Hence! 
t 
u(t) = E[z]vo -t P(t)z + 
s 
E’(T)v~ dr + 
0 s 
t 
P(t - T)T+V dr 
0 
s 
t 
= E[s]wo + E(t)vo - E(O)vo + P(t)a: + P(t - T)T/Y dT, 
0 
where E(0) = E[u(O)] = E[cz]: 
IIJ t t P(t - T)$’ dr 5 0 II J 0 Me- “‘(t-T)Mle-W d7 = MM1 [e-wlt _ e-wt], w-w1 
IIJ I/ t P(t)x 2 llzlle-wt. 0 
To sum up, we have u(t) = E(t)vo + o(edct) + E[u*]vo = Q*vo = u*, t -+ cm. 
This global result has two characteristics. One is that no specified forms of /3 and ~1 are 
required. For any kind of p and p, the control function can be so chosen to guarantee a globally 
stable equilibrium. The other exceptional characteristic is that the approaches of the solutions 
to the positive equilibrium are monotone, i.e., if E(0) < Q*, then E(t) monotonically increases 
to Q*, and if E(0) > Q*, then E(t) monotonically decreases to Q*. If E(0) = Q’, then E(t) 
stays at Q’ forever. No oscillations of E(t) are exhibited. 
Of course, this choice of Q(t) has some problems. Obviously, E[z] does not consider those 
individuals in the population z of age greater than a,, or those old ones who lose fertility. 
If such individuals in a realistic population still have the ability to compete with others for 
food or other living conditions, E may not be a suitable measure for population size. However, 
biologically this choice has an advantage over other generalized population sizes. For example, 
let p(z) = Jooo z(a) da, if p( ) x is very large, then there are many individuals in the population x. 
But it is possible that most or all of the individuals in the population have survived the age of 
fertility. Then after some time, the population must begin to decline. If we choose p as control 
function, at this time because p is very large, the mortality rate may be higher and the fertility 
rate may be lower. Consequently, an even sharper decline of population may result. And after 
some time when p has been very small, the population will begin to rise. So drastic oscillations 
result. If we choose E as the control function, there will not be such problems. This rough 
contrasting of E[z] and p[z] gives a hint that oscillating behaviors might be related to the choice 
of Q. 
There are realistic species for which E may be the “real” control function, such as some kind 
of animals which stop eating after laying eggs. But here we are more interested in the situations 
when the population is subject to human control such as wild animals under human ‘protection 
and human population. Our main conclusion is that for such cases, a proper choice of the control 
function can guarantee monotone stability of the population, i.e., the population will tend to a 
steady state without oscillations. 
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